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NONHOMOGENEOUS STOCHASTIC CHAINS
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ARUNAVA MUKHERJEA

ABSTRACT. Nonhomogeneous stochastic chains with a finite number of states are
considered in this paper. Convergence of such chains is established here in terms of
strong ergodicity of certain related chains of smaller size. These results are shown
to be best possible and extend earlier results of Maksimov. Nonnegative idempo-
tent matrices are also considered.

1. Introduction. There are many papers, recently and earlier, which considered
various problems concerning nonhomogeneous stochastic chains. Some of the
better known contributors in this area are Dobrushin, Hajnal, Maksimov,
Sarymsakov and Wolfowitz. For some of the references of these authors and other
extensive works in this area, we refer the reader to [3], [7]. For some historical
comments on Doeblin’s work in this area in the context of weak ergodicity, we
refer to [8].

Our paper here is mostly concerned with an interesting theorem of Maksimov in
[4]. Maksimov considers nonhomogeneous bistochastic chains with a finite number
of states and establishes the convergence of such chains in terms of strong
ergodicity of certain chains of smaller size. To be more specific, let (P,) be a
sequence of s X s bistochastic matrices (i.e. matrices with nonnegative entries
adding up to 1 in each row and column separately) such that for each k, the
sequence P, , = P, P, ... P, converges to some bistochastic matrix B,. Then it
is easy to verify that the sequence (B,) converges to a bistochastic idempotent
matrix B_. It is well known (and can be proven easily, see, for instance,
Maksimov’s paper) that for every such bistochastic idempotent matrix B, there is
a basis, that is, a partition of the set {1,2,...,s} into disjoint subsets
C,GC,, ..., G, such that

(Bw)y =0 fori e Ckl’j (S Ck; (kl F#* k2)1

1
=—— ifieC,j€E C,
n(C,) . .

where n(C,) = the number of elements in C,. The most interesting (and perhaps

the deepest) result of Maksimov is then that for i and j belonging to two different
C.’s,
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0

> PP <o (*)

n=1
where P, = ( p,.(j")). He uses this result to conclude that for a sequence (P,) of
bistochastic matrices, the products P, , converge as n — oo for every k with a basis
{C), Cy, ..., G} iff (1) 27, p,§.") is convergent for i and j belonging to any two
different C,’s and (ii) for each i, 1 < i < p, the stochastic chain (@) is strongly
ergodic, where Q? is an n(C,;) X n(C,) stochastic matrix obtained from P, in the
following manner: forj and ¢ in C, (Q),, = p{”/Z < P%. Maksimov’s method
in proving the above (and other) results was mainly based upon his earlier results
on convolution products of probability measures on finite groups. For these kinds
of algebraic results, his methods, though unorthodox and new, are effective. We
will show, however, that his method of correspondence between bistochastic
matrices and measures on finite groups, though admittedly convenient, can avoid
the use of his prior results on groups and thus can be simplified. But the main
purpose of our paper is not simplifying his proofs. Our main aim is to show that
Maksimov-type results hold for a larger class of stochastic chains (which contain
properly and is, in fact, much larger than, the class of bistochastic chains). Our
result (Theorem 8) is also best possible. Maksimov’s results on groups are not
applicable or useful for our purpose. Naturally our method is completely different
from Maksimov’s, though we will use Maksimov-type correspondences extended
for stochastic matrices to serve our purpose. Our main results are Theorems 7 and
8. We also give a characterization of the ergodic classes of a convergent nonhomo-
geneous chain. In §4, we consider an application. In the last section, we consider
nonnegative (rather than stochastic) idempotent matrices and present some basic
results on their structures.

2. Preliminaries.

DEFINITION 1. Let P be an s X s stochastic matrix and S be the multiplicative
semigroup of s X s stochastic 0-1 matrices (i.e. matrices where the entries are either
0 or 1). Suppose that P = 27_, a,P,, where {a,, a,, . . ., a,} are nonnegative reals
with sum 1 and P;’s are 0-1 matrices in S. If p is the probability measure on S such
that wW(P) = a;, 1 <i < n, then we define P p. [

We will often say that u represents P if P <> p. This representation is, fortunately
or unfortunately, not unique. However, for every stochastic matrix, there is at least
one probability measure representing it. (See [6] for proofs of these facts.) Also, if p
and A are two probability measures on S (as defined above) such that P < pu and
Q < A, then it is easily verified that the usual convolution product u - A defined by

peA(x) = zyZ_XM(Z)A(y)

is a representation for the matrix product PQ. Let P(S) denote the set of all
probability measures on S. Then, if (P,) is a sequence of stochastic matrices and
(m,) is a sequence in P(S) such that for each n, P, & p,, then the weak conver-
gence of the convolution products p, , = P4 Mt - - - M, as n tends to oo (here
weak convergence is the same as pointwise convergence since S is finite) implies
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the convergence of the matrix products P, ,. The converse is not true. For example,
let s = 2 and the sequence P, be given by

P, = (ZE:; ZE:;), where a(n) = % + % and b(n) = % - —i-
Let ¢, be a nonconvergent sequence of positive reals such that each ¢, < %. Define
the measures p, by prescribing the values 3 — ¢, — 1/n to each of () and (3 9,
i+c,—1/nto @), and 3+ ¢, +3/n to (). Then, P, p,. Though P’s
converge, it is clear that p,’s do not.

Though we do not deal with infinite dimensional matrices in this paper, we will
point out the difficulties involved in the infinite situation. In that spirit, our Lemma
1 describes how and in what form the above “finite dimensional” statements can be
made in the infinite case. First note that an infinite stochastic matrix D where the
nth row entries are

(l/n, 1/n,..., l/n,0,0,...)
n times
is not a convex combination of infinite 0-1 stochastic matrices. The reason is: if
2, a;P,, where P;’s are infinite 0-1 stochastic matrices and a,’s are positive reals with
sum 1, equals D, then every row of D must contain at least one entry greater than
or equal to a,, and this is not possible. Similar questions in the context of infinite
doubly stochastic matrices have been studied in detail earlier; see [6].

LEMMA 1. Let (P,) be a sequence of countably infinite stochastic matrices such that
each P, is a finite (or countably infinite) convex combination of 0-1 stochastic
matrices. Suppose that P, <> ,, where p,’s are probability measures on the countable
discrete semigroup S generated by all these 0-1 stochastic matrices. If w, — p weakly
for some p € P(S), then

o0
12, = P|=sup 2 |(P,); = £
i Jj=
tends to zero as n — oo, where P <> u. [J

ProorF. Given ¢ > 0, there is a finite subset 4 C S such that for some N, n > N
) p,(4) > 1—¢
(i) p(4) > 1 — ¢,
(i) 2yl pa(x) — p(x0)] <e.
Now by definition, P, = 2 5 xp,(x) and P =2 ¢ xp(x). Let B; = {x € S:
x; = 1}. Then for j # k, B; N B, = & (Vi). Thus, we can write: for any i and
n2N,
oo o0
S|Py =Bl 2 T () = k)
j=

Jj=1 x€By

<3 S m@-p+S S [m)+ )]

j=1 x€B;n4 Jj=1 x€B;N(S—A)
< X {#a(%) = p(X)| + 1, (S — 4) + (S — 4) < 3e.
xXEA

The lemma is now clear. []
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Note that the (infinite case) converse of the situation described in Lemma 1 does
not hold. An example similar to the one (preceding the lemma) in the finite case
can be easily constructed. In the infinite case even if |P, — P|| —> 0 as n — oo, it is
not clear if there will be a weak limit point for a sequence of probability measures
W, on S (where p, <> P, and S is as in the lemma). Later, it will be clear that this is
one reason why the extension of our results to the infinite dimensional case seems
difficult.

From here on, all matrices in this paper are s X s stochastic matrices (except in
§5, where we consider nonnegative matrices which are not necessarily stochastic).
Let (P,) be a squence of matrices such that for every positive integer k, the
sequence Py, =P, Piys...P,— Q. Such a sequence (P,) will be called a
convergent stochastic chain. Let Q' and Q” be any two limit points of the sequence
{Q«: k > 1}. Then since for k <n <m, P, ,P,, = P,,, we have as m — oo,
P, ,Q, = O, and then passing n to infinity for each k, 0, Q" = Q,, 0, Q" = @ so
that

Q'Q"=9" ¢))

This equation implies that every limit point of the Q,’s is an idempotent stochastic

matrix. [Note that if the P,’s are bistochastic, then lim,_,  Q, exists, but, in the

stochastic case, this is no longer true. This follows from the discussion following
Lemma 2.]

Now we recall an important theorem of Doob on the structure of an idempotent

stochastic matrix B = (By); see [1, p. 121]. For a more general theorem, see our
Theorem 11 in §5.

LEMMA 2. There exists a partition of the set {1,2,...,s} into disjoint classes
{T,C\,C,, ..., C,} such that {1,2,...,s} =T U C,U ...UC, and the follow-
ing are true:

@B, =0ifj€T;

(ii) B; = B; (> 0) if i, j both belong to the same C, for some k,

= 0 if i, j belong to two different C,’s;

(iii) By = B, Creq Bo) fi €T,/ EC, O

Now let us consider the equation (1) again. Since we have Q’'Q” = Q', Q0" Q' =
Q7 itis clear that

(0i=0, 1<i<se(0");=0 1<Ki<s.

Let {T, C;, C,, ..., C,} be the partition (as in Lemma 2) corresponding to the
idempotent matrix Q’. Leti € G, ,j € Cy, (k| # ky). Then (Q"); > 0 and (Q"); =
0; also, by equation (1), (Q"); > (2")(Q"), implying that (Q”); = 0 and thus, for
i&T,

(@) =0e(Q2"); =0.

This means that all the limit points of a convergent stochastic chain have the same
unique partition (via Lemma 2) associated with them. Thus, we can make the
following definition.
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DEFINITION 2. The unique partition that corresponds to all the (idempotent) limit
points of a convergent stochastic chain is called the basis of the chain. []

For a convergent bistochastic chain, the ‘T’ set of the basis is empty. It can be
easily verified using Lemma 2 that in case the basis of the chain has its ‘T” set
empty, then

Q'Q"=0 and Q"Q'=Q"=Q =Q"
where Q' and Q" are as above, and therefore, lim, _, , lim,_, ,, P, , exists. However,
this is not a necessary condition for the limit to exist. The following examples will
help us clarify this and also the context of the paper.

ExAMPLE A. The chain given by

a, 3—a, 3—a, a,
P = a, %_an %-—a,, a, 0<a <1}
n= 4 n 3’
a, 31—a, %i-a, a,
0 0 0 1

is a convergent chain for all possible choices of a, between 0 and % and if we write
B = lim, lim, P, ,, then B will be a stochastic matrix where each row is (0 0 0 1)
whenever I, a, diverges, and this limit is

S O o ©
QO W= W= W=
QO wiN wIN WIN
- O O O

whenever T, a, converges. Note that in the latter case, the basis of the chain is
given by T = {1}, C, = {2, 3}, C, = {4}. Here T is nonempty and still for i in C,
and j in C,, Z,(P,); converges. In this paper, we prove that this is always the case
in the case when the ‘T set is empty and conjecture that this is also true when T is
nonempty. The interesting nature of this result lies in the fact that the convergence
of the chain can be characterized by the strong ergodicity of the normalized
C-blocks of the chain. (See Theorem 8.) [J
ExampLE B. Consider the chain given by

a, 2b, 1—a,—2b,
P,=|1-a,—b, b, a,
b, 1 —3b, 2b,

where =, a, converges and X, b, diverges. Following the classical Bernstein
theorem [7, Theorem 4.8, p. 105], we see that this chain is weakly (and therefore,
strongly) ergodic. In this case, lim, lim, P, is a bistochastic matrix where each
row is (+ 1 1), The basis consists of only one C-class and yet ,(P,),; converges.

333
O
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ExampLE C. Consider the stochastic chain (R,) given by
R, = P forneven,

= Q, fornodd,
where the matrices P and Q, are given by
010 a, b, 0
P=0 1 O, o, =|1/n 1-1/n 0
0 0 1 0 0 1

(a, and b, are nonnegative numbers with sum one). It is easily verified that
lim, R, , = P for every k. The basis of the chain is given by T = {1}, C, = {2},
C, = {3}. Notice that T ,(R,),, is divergent. []

All the three examples will be found useful later specially in the context of our
remark following Theorem 8 characterizing the C-classes (for a convergent chain
with no ‘T’ in its basis) in terms of divergence of certain series. Regarding
examples of convergent stochastic chains with no ‘T, we remark that our Theorem
8 characterizes such chains completely and using this theorem, one can obtain any
number of examples of such chains.

ExampLE D. This example has been provided by A. Nakassis. This example
shows that our Theorem 8 cannot be extended to the case of nonempty ‘7.
Consider the stochastic chain (P,) given by

0 1/2 1/2
P = 1/n 0 1-1/n
" 1/n 1—-1/n 0

0 0 0

- O O

Then it can be verified that this is a convergent chain with basis T = {1},
C, = {2, 3} and C, = {4}. But notice that the normalized C,-blocks of (P,) are not
even convergent. []

3. Main results.

DEFINITION 3. A stochastic 0-1 matrix A is said to belong to the basis of an
idempotent stochastic matrix B if A; = 0 whenever i, j belong to two different
‘non-7"’ members of the basis. []

LEMMA 4. If the stochastic 0-1 matrices A and D both belong to the basis of some
idempotent stochastic matrix (here ‘T’ is empty), then the product A - D also belongs
to the same basis. []

PrOOF. The proof is immediate since (4 - D), = 5., Ay Dy;. O

LEMMA 5.! Suppose that the 0-1 stochastic matrices A and D are such that
BA = BD, where B = B2 is stochastic. Then if the basis of B has ‘T’ empty and if D
belongs to the basis of B, then A also belongs to the basis of B. [

This lemma is of independent interest and not used later.
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PrROOF. Suppose that 4 does not belong to the basis of B. Then there are
members C; , Cy, (k; # k) in the basis of Band i € G ,j € G, such that 4; = 1.
But then since B, > 0, (BA); > B;A; > 0 and therefore, (BD); > 0. This means

that there is an / such that B;D; > 0. This is impossible since B, > 0=/ € C,
and D; > 0=/€ (. O

LEMMA 6. Let B be a stochastic idempotent matrix such that its basis has ‘T’
empty. Let us define the set K by

K = {X: X is a stochastic 0-1 matrix and X belongs to the basis of B}.

Then K is a subsemigroup of the semigroup S of all s X s 0-1 stochastic matrices.
Moreover, if X € K, then YX € K for a stochastic 0-1 matrix Y iff Y € K.

PROOF. K is a semigroup by Lemma 4. Suppose now that YX € K, X € K and
Y is a 0-1 stochastic matrix. Suppose that Y & K. Then there are members C; , Gy,
(k, # k) in the basis of B and i € C;,j € C, such that Y;; = 1. Now choose / so
that X, = 1. Since X € K, / € ;. But then, (YX); > Y;X;, = 1. This is a
contradiction, since YX € K. [

Now we consider a convergent stochastic chain (P,). Let lim,_, P, , = Q. In
what follows, we will assume that the basis of the chain has its ‘T’ set empty. Then, as
we remarked earlier, lim,_ Q, exists. Let Q =lim,_, O,. Now we take a
probability measure u, on S, the finite semigroup of all s X s 0-1 stochastic
matrices such that p, < P,. We define K by

K = {X: X € S and X belongs to the basis of the chain (P,)}.

Then we claim the following:
Given ¢ > 0, there exist a positive integer k, (ky = k(¢)) and a positive integer N
(N = N(¢))suchthatn > N =
Peon(K) > 1 — & ()

To prove (2), suppose there are m many elementsin S — K. Let Z € S — K. Then
there are i € C,,j € C,, where C, and C, are two different members of the basis
of O such that Z; = 1. This means that 3, ¢, Z; = 0. Since 2 kec, Qi = 1 and

lim,_ lim, P,, = Q, we see that there exist positive integers k, and N such
that n > N implies foreach /, 1 </ <5,
4
%(Pko-")lk >1 - ™ 3)

where the summation is over all those k such that k and / both belong to the same
member of the basis. Since P, , = 2y o5 Xy .(X), we have
2 (Pko,n),'k < 2 uu'ko,n(X) < p’ko,n(S - Z)‘
kECy, Xy=1

Hence, for any Z € S — K, n > N= 1 _,(Z) <e/m. This means that n > N =
(S — K) < e, which establishes (2).

Next we claim the following: There exist positive integers n,, N’ and a § > 0
such thatn > N' =

-+ .
max p,(Kx™) + 8 <y, (K) 4
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To establish the claim, we suppose that the claim is false. Then for every increasing
sequence (k;) of positive integers, there exists a positive integer n; > N; (N, is the
integer N(e) and k; is ky(¢)) in (2) for e = 1/2' and some x; € S — K such that

_ 1
i r(Kx7') + = > i i K)-

Let x € S — K be such that x; = x for infinitely many i. Then by using (2) and
taking suitable subsequences k. (=p;, say) and né (= m;, say), we have
,lg?o bpm(Kx")=1  x€S-K (5)

Now o P, .. Let X' be a limit point of the sequence ( ). Let N & M.
Bo,m, < L pm,: H.m,
Since P, », Pp m = P, itis clear that Q,M’ = @, and so passing I'to o0, we have

oM’ = Q. (6
By (5), N'(Kx~') = 1. Therefore, we have:
Sy c Kx~\. ()

Since x & K, there are members C, , C;. (k; # k) of the basis of the chain and
i € G ,j € G, such that (x),; = 1. Now by (6), 0 < Q; = Z, 0, M;; so there exists
I € G, such that M;; > 0. Since X' & M’, there is y € S, such that (y), = 1. By
(7), yx € K. But then, (yx); > y;x; = 1. This is a contradiction since / € C,, and
J € C,,and yx € K. This establishes our claim (4).
Now we prove the following assertion:
o0
2 (S — K) < oo. (®)
n=1
PROOF OF (8). Let 1y be as in (4). Write: 4, = max,cs_x p, o(Kx~'). Then there
exists § > Osuch thatn > N’ =4, + § < p, ,(K). Now

p’no,n+l(K) = 2 ""no,n(Kx_l)”‘n+l(x)

2 /-"n.,,n(Kx 1)l"‘n-o»l(x)"' 2 [.L,,o,n(Kx )f"n+l(x)

xeK x€E
< P (Kt 4 (K) + Ay (S — K)
= Buon(K)[1 = pys1(S — K)] + Ay, (S — K)
= Pon(K) = [ ogn(K) = 4] prir(S = K)
< on(K) = O, 1(S — K).
Repeating the above procedure, we have

n+1
l"k.,,n+1(K) < ”‘ko,N'(K) -8 2 w(S — K)
i=N'+1
so that for each n > N’, we have
n+1
> w(S-K) < =
i=N'+1

Thus, (8) is established.
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Now consider i € C,, j € Cy, (k, # ky) where C, C; are two different mem-
bers of the basis of the chain. Since P, & p,, P, = 2, c ¢ xp,(x); therefore,

(Pn)y < El""n(x) < ”’n(S - K)
X =
which implies that 3. ,(P,); < oo, by (8). Thus we have proven the crucial result
of our paper.

THEOREM 7. Let (P,) be a convergent stochastic chain with the basis
{Cy, Cp ..., C,). Then for i, j belonging to two different C;’s L7 ((P,); < o0. O

n=1

Now we consider a convergent stochastic chain (P,) with the basis
{(C, Cpy .. -, Cp}. Let us define for each i, 1 <i < p, and for each n > 1 an
n(C;) X n(C;) matrix as follows:

(P n)jk
2Ie(l}(l:' n)jl ’

Write Q, , = P,(C)). Then (Q, ), is a stochastic chain with n(C)) states. Now if
we define the chain (P)) with s states by

(P))jx = (Qin)j» i j, k both belong to C,
=0, ifj, k belong to two different C’s,

(P(C)p = JEC,kEC.

then the chain (P)) is equivalent to the convergent chain (P,) (because of Theorem
7) in the following sense:

il |(Pn)jk - (Pr:)jkl <®

for each j, kK (1 < j, k <s). It is now easy to show that the chain (P,) is also
convergent with the same basis {C,, C,,..., C,}). It follows that for each i
(1 < i < p), the chain (P,(C))) is strongly ergodic (i.e., for each k > 1, the products
P .(C) =P, (C) ... P,(C) converge to a stochastic matrix with identical rows).
Now it is not difficult to see that the following theorem is true.

THEOREM 8. Let (P,) be a convergent stochastic chain with basis
{C1, Cp . . ., C,}. Then (i) for j, k belonging to two different C;'s, ZT_(P,); <
and (ii) the chains (P,(C))) for each i are each strongly ergodic with no ‘T’ class.
Conversely, the conditions (i) and (ii) are also sufficient for the convergence of the
chain (P,) with basis {Cy, Cy, ..., C,}. O

This theorem can be useful for practical reasons in the sense that convergence of
larger chains can be checked by checking strong ergodicity for the corresponding
smaller chains. It is also clear that any convergent stochastic chain whose basis has
the ‘T’ set empty is strongly ergodic if for some j and each i, Z7°_\(P,),; = . In
particular, any convergent bistochastic chain for which this last divergence condi-
tion holds is strongly ergodic.

A characterization of the C-classes. Two states ¢t and j are in different C-classes iff

for every sequence (a,) of positive integers, the series 2_ (P, , . ), is convergent.
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To see this, we first observe that considering
Prga s (K) = 2 taga (KX D o, (X)
xES

and following the proof of (8) almost identically, the nontrivial part (the only if
part) of the above statement follows easily. To check the validity of the “if” part,
notice that for ¢, j in the same C-class, Q,; > 0 and there exist sequences (k;) and
(m,) of positive integers such that for n > n,, (P ), >§Q,j > 0. We can now
construct the sequence m(i) such that k., > n, for each i. Write p; = k.
Then it is clear that

2 (PPinPiH)tj = .

i=1

The proof of the characterization is now complete.

4. An application. We will now present an application of Theorem 7 to a problem
on probability measures on semigroups. It is well known that if (p,) is a sequence
of probability measures on a finite group S such that lim,_, , w,,, = A, exists and
lim,_,, A, = A, exists, then 377, (S — S,_) < co. In other words, the measures
, can, for most purposes, be considered to be concentrated on SA,; This result is
not true on finite semigroups S. For example, take § = {0, 1} with multiplication
and p, = p where pu(0) = (1) =%. Then lim, , p" = the point mass at 0, but
(1) > 0. The following theorem, as an application of Theorem 7, will give us the
information with respect to the above behavior in semigroups. We will use another
type of correspondence, originally due to P. Martin-Lof.

THEOREM 9. Suppose that S = {a,, a,, ..., a;} is a finite semigroup with an
identity e = a,. Let y, € P(S). Suppose also that

lim w, , = A, lilt(n A =M, and e € S, = H (the support of A).
Then 3, n,(S — H) converges. []

[For each g; in S, we define the 0-1 matrix (s X s)A4; by
(A4 =1, ifaga = a,
= 0, otherwise.

Then the mapping ®: S — S’ = the semigroup of stochastic matrices of order n(S)
defined by ®(a) = A4, is an isomorphism. For p € P(S), define P, € S’ by
P, =3, cs ®(x)u(x). Then (P,); = m(a " 'ay). It can be verified that the corre-
spondence p — P, is a homomorphism from P(S) into S”.]

PROOF. We have S = S- H. Let u,—> P,, A\, > O, and A, — Q as discussed
above. Then for each j, there exists i such thata,”'a; N H # & so that A (¢, 'a) >
0; then

(Q)y > 0. €
Clearly, lim,_,, P,, = Q, and lim,_, Q, = Q. Hence, by (9), the basis of the
convergent chain has its ‘7" set empty. Let the basis be {C), C,, ..., C,}. Let

S;={alj€C); then S=8§,US,U...US, is a partition of S. Note that
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g E H=A(8) > 0. If Sgn S, # D (for some i, j, i #j), then g € a; 'a; for
some g, € S; and g, € S}, so that k € C; and / € G, (i #)). Then (Q,),, = 0; but
(@) = Ao(a7 'a) > 0, a contradiction. Hence, g € H= Sg C §; (1 <i < p).
Let H={ge€S: S;gC S, 1 <i<p} Suppose that g, =e€ S,. If h€ H,,
then S, - h C S, and therefore, h € S,. If h = a,,, then m and u both belong to C, so
that (Q.),, > O; therefore, A_(a, 'a,) =A(h) >0=h € H. Hence, H, C H.
Nowge S — H=

3i,j (i /) such that S;g N S; # &, and therefore, g € g, 'a;,
where k; € C, k, € C,.

By Theorem 7,

[c2]

o0
2 Pk, < 0= El p‘n(ak—, lak,) <o
ne

n=1

0
= 2 t(g) < 0.
n=1
Since S is finite, the theorem follows. [

The above theorem shows that it is possible to obtain limit theorems for
probability measures on semigroups and groups from limit theorems for Markov
chains. Below we present another result (omitting the proof) in this direction using
the well-known Bernstein condition for weak ergodicity [7, p. 105] for a nonhomo-
geneous Markov chain.

THEOREM 10. Let u, € P(G), n > 1, where G is a finite group. Suppose that
S%_,{min p,(x)} = co. Then for each k > 1, ., >\ = A2 € P(G).

5. Nonnegative idempotent matrices. Here we show that a basis similar to that for
stochastic idempotent matrices exists for nonnegative idempotent matrices and
then present explicitly the structure of such a matrix and other related results in
details. The reason for including this section is that convergence problems for
products of nonnegative matrices appear very naturally in various problems in
demography and, as in the stochastic case, the role of idempotents can be
important in many contexts. (This question will be dealt with in details elsewhere.)
Also, determination of the structure of nonnegative idempotents seems to be more
difficult than the corresponding stochastic problem, and finally, as far as we know
this result is missing in the literature.

Our result can be described by the following theorem.

THEOREM 11. Let P = (P;) be an s X s nonnegative idempotent matrix. Then there
is a partition of {1,2, ..., s} into classes {T, C,, Cy, . . ., C,} such that the follow-
ing results hold:

(i) the jth row or the jth column or both consist of only zeros iff j € T;

(ii) P; = O whenever i € C and j € C, (k| # ky);

(ili) in any C,-block (1 < k < p) of the matrix, the rows are all proportional, each
entry is positive, and the sum of the diagonal entries is 1;
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(iv) if i € T and the ith column is a zero column, then for j, k in C, (1 <t < p),
P/ Py = Py/Py;

(V) if jE T and the jth row is a zero row, then for i, k in C, (1 <t < p),
Pij/Pii = ij/Pki'

In particular, if P has no zero rows or zero columns, then P must be of the form

(¢, 0 0 --- 0]
0 ¢, 0 --- 0
0 0 C --- 0
0 0 0 C,

where the C,-blocks are as described in (iii) above. []

PRrROOF. Let us first suppose that the theorem holds for any nonnegative idempo-
tent matrix which has no zero rows or zero columns. We then claim that the
theorem also holds in the general case. To see this, let T be the set {: either
P; = O for every i or P; = O for every i} and let T be nonempty. Then it is easy to
see that Q, the restriction of P to the complement of 7, is a nonnegative
idempotent matrix with no zero rows or zero columns. Then by our above
assumption, there is a partition of the complement of T into classes
{Cy, Gy, ..., C,} such that the C,-blocks of P satisfy properties (ii) and (iii) in the
theorem. Now if i € T and the ith column of P is a zero column, then for j, k in C,
(1 <t < p), we have

P; = > PP, and Py = 3 P,P,

ueC, uecC,
Notice that P,; > 0 for each u in C, and therefore, P; = 0 iff P, = 0. In case both
P; and P, are positive, then since the rows of C,-blocks of P are proportional (by
property (iii)), we have P;/P, = P,/P, (for each u in C, and therefore) =
P;/ Py. Thus property (iv) (and similarly, property (v)) follows and our claim is
verified. This means that with no loss of generality we can assume that P has no
zero rows or zero columns. To prove the theorem, we will use induction on the
dimension s of P.

The theorem is easily verified when s = 1 or s = 2. So let us assume that the
theorem is valid for all nonnegative idempotent matrices of dimension less than s.
To prove the theorem for dimension s, we use the following steps.

Step 1. In this step, we show that P; > O foreachi, 1 <i <.

PrROOF OF STEP I. Our proof is by contradiction. Suppose that P,, = 0. Since
Py, = Zj., P);jP;;, we have

P,,P, =0 foreach;. (10)

Lyt
Let us define the set 4 by
A= {i: P, >0}. (11)
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Then 4 as well as its complement is nonempty. Notice that for i € 4, 0= P, =
3,ec4 Py;P; and therefore,

P; =0 wheneverj € 4andi & 4. (12)

Using (12), it can be easily verified that the matrices P, and P,, the restrictions of P
to the sets A and the complement of 4 respectively, are both idempotent matrices
of dimension less than s. Then P looks like

(o=}

Now following the induction hypothesis, we can write the basis for P, as:
{1, C{,Cs,...,C,}. Choose i & A, i # 1 such that P, > 0. (Since P has no zero
column, there exists such an i) Let us write C{ = {j,jy» ...,J,}. Let
Bis By - - - » B, be positive real numbers such that the ¢(th) row of the Cj-block of
P, is B,-times the /st row of this block so that

,
2. BP,, = B 1<k<r. (13)
t=

Also we have

2 kaPk/ + 2 Plkij,
k€A

> 2 Plkij + 2 P:kPIq,'
keCy

Hence,

2 Bva > EEC Ptk( 2 Bth/) + 2 Psk( 2 Bthj)
i -
Now by (13), the first sum on the right is equal to the sum on the left; as a result,
the second sum on the right must be zero and therefore since P;; > 0 and 1 € 4,
we must have Z_, B, P, = 0. Since for each ¢, B, > 0, P, = 0 for each r. This
contradicts (11). Thus, Step I is verified.

Step I1. In this step, we show that P; = 0iff P, = 0.

Proor of Step II. For simplicity in writing, we show that P, = 0 implies
P,, =0.So let P,, =0. Let D = {k: P,, > 0}. Then D as well as its complement
is nonempty. (In fact, 1 € Dand 2 & D) Now fork & D,0=P,, =3, , P,;P,
and therefore,

P, =0 wheneverj € Dandk & D. (14)

This means that the matrices P, and P, the restrictions of P on D and its
complement respectively, are both idempotent matrices of dimension less than s.

Let us now write C’ = {jpj1» - - - »Js}» Jo = 1, where C’ is the C-class in D for
the matrix P; that contains 1. (Note that by induction hypothesis, the theorem is
valid for the matrices P, and P,.) Let By, B,, . . . , B, be positive reals such that the
tth row in the C’-block of Pj is B,-times the Ist row in this block. Then we have
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2 BIPZj, = % sz( 2 'Bthj,)

t=0 t=0

> 2+ 2

kecC’ k&D

r r

> B.Py, + 2> sz( 2 .Bkaj,)
t=0 k& D t=0

since 27_o B, Py; = B, for k = j,, in C’ (this follows easily by induction hypothesis
and property (iii)). It now follows that the second sum on the right side of the
above inequality is zero and here taking 2 for k and ¢ = 0, we have P,; = 0. Thus,
Step 11 is verified.

Step III. In this step we complete the proof of the theorem. Choose any i,

1 <i<s,andlet G = {j: P; > 0}. For any j, k in C,, P, > P;P, > 0. Also, if

J € G and k & C,, then P, = P;; = 0 since P;P; < P, = 0. This means that Q,,
the restriction of P to C,, is a positive idempotent matrix. Therefore, the proof of
the theorem will be complete if we show that every positive idempotent matrix
must be of rank 1. To this end, let Q = (Q;) be such a matrix. Let a(i, j, k) be
positive reals such that Q;; = a(i, j, k) - Q. Choose jj, such that
a(i, ju, k) = max{a(i,j, k): 1 < j <s}.

Now we have

a(i’jik’ k); riQy‘,k = Qz_/,,‘ = g a(i’ L k)thQy},"
Since Q is positive, it is clear that a(i, ¢, k) = a(i, j,, k) for each ¢. This means that
the ith and the kth rows of Q are proportional. Hence, rank(Q) = 1. [

Before we close this paper, it is relevant to consider the consequences of equation
(1) for nonnegative idempotent matrices. In Theorem 11, the partition
{(T,C,,Cypy .. ., Cp} for the matrix P will be called its basis. Furthermore, 7, and
T, will denote subsets of T such that

T,={t€ T: P, =0foreachi},

T,={t € T: P, =0foreachi}.
Now let Q and Q' be two nonnegative idempotent matrices such that QQ’ = Q
and Q'Q = Q’. Suppose that the bases of Q and Q' are respectively

0:{7,T,C,C,...,C},
Q:{T,T,CCj...,C}. (15)

Note that 7, and T, need not be disjoint, whereas the C;’s are pairwise disjoint. Let
us consider some examples:

(i) Let
0o 1 1 0 1 1
=10 0 0| and Q'=(0 1 1]
0 1 1 0 0 O
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Then Q and Q' are both idempotent, QQ’ = Q, and Q'Q = Q’. Also, T, = {2},
T.={1},and C, = {3}, T = {3}, T, = {1},and C; = {2}. O

(i) Let
0o 1 1 0 a a
O0=|0 0 0| and Q'=|0 b b|,
0o 1 1 0 b b

where b =3 and @ > 0. Then Q and Q’ are both idempotent, QQ' = @, and
Q'Q0=Q' Also, T, = {1}and C; = {2,3}. O

Now we consider the consequences of the equations QQ' = Q and Q'Q = Q’
where Q and Q’ are as above in (15). We claim the following results:

M T. =T/ andp = g;

(II) for i and j in two different C-classes in the basis of Q’, Q; = 0;

(III) for each i (1 < i < p), there is a j(i) such that C/ C C;; U 4,, where 4, is
either empty or a subset of T,.

In (II) and (III), dual results are, of course, also valid.

PrROOF. Clearly T, = T, (because of the way matrices multiply). Also, p =
rank(Q) = rank(Q") = ¢.If i € C| andj € Cj;, then

0=0;=23 0,0,

Since for t € C|, Q;; > 0, Q, = 0 for each t € C|. This proves (II). To prove (III),
let 0@ and Q' be respectively the restrictions of Q and Q' to C,. Then it is easy
to verify that '@ = Q’®@. 0@, Since rank(Q®) is 1, the rank of Q" is at most 1.
Now notice that C/ cannot intersect more than one C-class in the basis of Q. For,
suppose that k € C; N C, and ¢t € C/ N C,; then, O, >0, O, = @, =0, and
Q, > 0 and therefore, the restriction of Q to C; has rank more than 1, which
contradicts our earlier result. Thus, (III) follows. []
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